In this paper, we obtain some generalizations of fixed point results for Kannan, Chatterjea and Hardy-Rogers contraction mappings in a new class of generalized metric spaces introduced recently by Jleli and Samet (Fixed Point Theory Appl. 2015:33, 2015.
Introduction
The concept of a metric space is a very important tool in many scientific fields and particulary in the fixed point theory.
In recent years, this notion has been generalized in several directions and many notions of a metric-type space was introduced (b-metric, dislocated space, generalized metric space, quasi-metric space, symmetric space, etc.).
In , Jleli and Samet [] introduced a very interesting concept of a generalized metric space, which covers different well-known metric structures including classical metric spaces, b-metric spaces, dislocated metric spaces, modular spaces, and so on.
In this paper, we establish and generalize some well-known fixed point results for nonlinear contractions in this new class of generalized metric spaces.
Let us recall that a mapping T on a metric space (X, for all x, y ∈ X.
Using this contraction notion, Kannan [] proved the following result. 
for all x, y ∈ X. Then T has a unique fixed point. 
for all x, y ∈ X.
In this paper, we are interested by Kannan, Chatterjea, and Hardy-Rogers contraction types (see [-] and []); we establish some results on fixed points in generalized metric spaces. We also give some examples to show the effectiveness of the obtained results.
Our results generalize and improve many fixed point theorems existing in the literature in various metric-type spaces.
In the sequel, we use the following definition of a Cauchy sequence. Definition . Let (X, D) be a generalized metric space, and let {x n } be a sequence in X. We say that {x n } is a D-Cauchy sequence if lim m,n→∞ D(x n , x m ) = .
Proposition . C(D, X, x) is a nonempty set if and only if D(x, x) = .
Proof If C(D, X, x) = ∅, then there exists a sequence {x n } ⊂ X such that lim n→∞ D(x n , x) = . Using property (D  ), we obtain
and thus D(x, x) = .
Assume now that D(x, x) = . The sequence {x n } ⊂ X defined by x n = x for all n ∈ N converges to x, which ends the proof.
Main results
Proposition . Let (X, D) be a generalized metric space, and let f : X − → X be a mapping satisfying inequality () for some λ ∈ [,   ). Then any fixed point ω ∈ X of f satisfies
For every x ∈ X, we define
Theorem . Let (X, D) be a D-complete generalized metric space, and let f be a selfmapping on X satisfying
Consequently, we obtain
It follows that {f n x  } is a D-Cauchy sequence, and thus there exists ω ∈ X such that
By () and () we obtain
Using (), we obtain
which implies that ω = ω. 
Conditions (D  ) and (D  ) are trivially satisfied. By Proposition . we need to verify condition (D  ) only for elements x of X such that D(x, x) = , which implies that x = . Let (x n ) ⊂ X be a sequence such that lim n→∞ D(x n , ) = . For all n ∈ N and y ∈ X, we have:
which implies that
It follows that (X, D) is a generalized metric space that is not a standard metric space since the triangular inequality does not hold: If x, y ∈ X -{}, then we have D(x, y) = x + y and
, and thus
Define the mapping T on X by
For any x ∈ X, we have:
The hypotheses of Theorem . are satisfied. Therefore T has a unique fixed point since D is bounded; note that T() = .
There is no metric for which T is a Kannan contraction on X.
[, and we can apply Theorem ..
Theorem . generalizes well-known results for b-metric and metric spaces.
Corollary . Let (X, d) be a complete b-metric space with constant s ≥ , and let f : X → X a mapping for which there exists
for all x, y ∈ X. Then f has a unique fixed point.
and then
Then by Theorem . we conclude that f has a unique fixed point. 
Corollary . Let (X, d) be a dislocated metric space, and let f : X → X be a mapping for which there exists
In the following, we need the basic lemma.
Lemma . ([])
Let λ is a real number such that  ≤ λ < , and let {b n } be a sequence of positives reals numbers such that lim n→∞ b n = . Then, for any sequence of positives numbers {a n } satisfying
we have lim n→∞ a n = . Proof Let n ∈ N (n ≥ ). For all integers i, j, we have
and consequently
This inequality implies that
By () we have
It follows that f ω = ω. Let ω be any fixed point of X. We have 
The function T is a Chatterjea contraction with λ =   in (X, D). By Theorem ., T has a fixed point ω ∈ X.
Note that the mapping T has two different fixed points, so we cannot apply the classical fixed point theorems for Banach, Kannan, and Chatterjea contractions since they give the uniqueness of the fixed point. 
Proposition . Let (X, D) be a generalized metric space, and let f : X − → X be a HardyRogers contraction. Then any fixed point ω ∈ X of f satisfies
Proof Let ω ∈ X be a fixed point of f such that D(ω, ω) < ∞. We have
To prove a fixed point result for Hardy-Rogers contraction mappings, we need the following lemma.
Lemma . ([]) Let (a n ) be a sequence of nonnegative real numbers, and let
If, for a given ε > , there exists a positive integer n  such that a n+ ≤ ( -λ n )a n + ελ n for all n ≥ n  , then  ≤ lim sup n→∞ a n ≤ ε.
Theorem . Let (X, D) be a D-complete generalized metric space, and let f be a selfmapping on X satisfying ().
Assume that Cλ  + λ  <  and that there exists a point
We obtain
By () we obtain a n+ ≤ λ  a n + b n + K.
Since lim n→∞ b n = , for every >  such that >
By Lemma . we have
and by () we have
Since Cλ  + λ  < , we have
Then we obtain
To show new results for T-contractions on a complete generalized metric space (X, D), we consider the mapping
where T is continuous, sequentially convergent, and one-to-one.
Proposition . We have:
. For every sequence x n in X,
Proof . Let {x n } be a sequence such that
By continuity we have
Assume that lim n→∞ D(Tx n , Tx) = . Since T is sequentially convergent, there exists u ∈ X such that
and by the continuity of T we have lim n D(Tx n , Tu) = . It follows that Tu = Tx, and since T is one-to-one, we have u = x. . Let x, y ∈ X be such that D T (x, y) = . Then D(Tx, Ty) = . Since T is one-to-one, we obtain x = y by (D  ).
The symmetry is obvious. Let now x, y ∈ X, and let {x n } be a sequence that converges to x in (X, D T ). Since T is sequentially convergent, there exists x ∈ X such that lim n D(x n , x) = , which is equivalent to lim n D T (x n , x) = . Remark . If a mapping f is a T-Banach (resp. T-Kannan, T-Chatterjea, T-HardyRogers) contraction in (X, D), then f is a Banach (resp. Kannan, Chatterjea, Hardy-Rogers) contraction in (X, D T ) with the same constants.
From Remark . and Theorem . in [] we can deduce the following corollaries. 
Corollary . Let (X, D) be a complete metric space, and let T, f : X → X be two mappings such that T is continuous, one-to-one, and sequentially convergent. Assume that f is a TBanach contraction. If there exists x
 ∈ X such that δ T (D, f , x  ) < ∞, then {f n x  } converges to a fixed point ω of f . Moreover, if ω is any fixed point of f such that D(Tω, Tω ) < ∞, then ω = ω .
Corollary . Let (X, D) be a complete generalized metric space, and let T, f : X → X be two mappings such that T is continuous, one-to-one, and sequentially convergent. Assume that f is a T-Kannan contraction with constant k
>  such that Ck < . If there exists x  ∈ X such that δ T (D, f , x  ) < ∞, then {f n x  } converges to some ω ∈ X. Moreover, if D(Tx  , Tf ω) < ∞,, i = , , , , , such that λ = i= i= λ i ∈ [, [ and Cλ  + λ  < . Assume that there exists x  ∈ X such that δ T (D, f , x  ) < ∞. Then {f n x  } converges to some ω ∈ X. If D(Tx  , Tf ω) < ∞, then ω is a fixed point of f . Moreover, if ω ∈ X is another fixed point of f such that D(Tω, Tω ) < ∞ and D(Tω , Tω ) < ∞, then ω = ω .
Some remarks on Senapati et al. results
In this section, we discuss some results by Senapati et al.
[] on extensions of Ciric and Wardowski-type fixed point theorems in generalized metric spaces. The authors introduced the following definition. 
